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[EUZZY EXPEKT SYStEMS:

Euzzy logic

s Introeduction, or what Is fuzzy thinking?
m Fuzzy sets

s LInguistic variables and hedges
s Operations of fuzzy sets

m Fuzzy rules

® Summary
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Intreduction, erwhat 1s fuzzy: thinking?

s Experts rely on common sense when they: selve
problems.

= [How, can we represent expert knowledge that
LISes vague and ambigueus terms in a computer?

m Fuzzy logic Is not logic that Is fuzzy, but logic that

IS used to describe fuzziness. Fuzzy logic Is the
theory ofi fuzzy sets, sets that calibrate vagueness.

s Fuzzy logic Is based on the idea that all things
admit of degrees. Temperature, height, speed,
distance, beauty — all come on a sliding scale. The
motor is running really hot. Tom is a very tall guy.
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n Boolean logic uses sharp distinctions. It forces us
to draw'lines between members of a class and non-
members. For instance, we may say, Tom Is tall
pecause his height Is 181 em. Ifi we drew a line at
180 cm, we would find that David, who IS 179 cm,
IS small. Is David really a small man or we have

just drawni an arbitrary line in the sand?

m Fuzzy logic reflects how people think. It attempts
to model our sense of words, our decision making
and our common sense. As a result, It Is leading to
new, more human, intelligent systems.

[1 Negnevitsky, Pearson Education, 2002




n Fuzzy, or multi-valued logic was introduced In the
1930s by Jan Lukasiewicz, a Pelish philosepher.
\While classical logic operates withronly twoesvalues
1 (true) and O (false), LLukasiewicz introduced logic
that extended the range of truth values to all real
numbers in the interval between 0 and 1. He used a
number In this interval to represent the possibility

that a given statement was true or false. For
example, the possibility that a man 181 cm tall s
really tall might be set to a value of 0.86. It Is
likely that the man Is tall. This work led to an
Inexact reasoning technigue often called possibility
theory.
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= | ater, in 1937, Max Black publishedia paper called
“Vagueness: an exercise in logical analysis™. In
this paper, he argued that a continuum; implies
degrees. Imagine, he said, a line of countless
“chairs”. At one end Is a Chippendale. Next to It IS
a near-Chippendale, in fact idistinguishable from

the first item. Succeeding “chairs” are less and less
chair-like, until the line ends with a log. WWhen
does a chair become a log? Max Black stated that
I a continuum Is discrete, a number can be
allocated to each element. He accepted vagueness
as a matter of probability.
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= In 1965 Lotfi Zadeh, published his famous paper
“Fuzzy sets™. Zadeh extended the work on
poessibility theory inte a formal system: of
mathematical logic, and Introduced a new: concept
for applying natural language terms. This new
logic for representing and manipulating fuzzy terms

was called fuzzy logic, and Zadeh became the
Master of fuzzy logic.

[1 Negnevitsky, Pearson Education, 2002




n \Why fuzzy?

As Zadeh sald, the term IS concrete, immediate and
descriptive; we all know what it means. However,

many people n the West were repelled by the word
fuzzy, because It Is usually used In a negative sense.

n \Why logic?

Fuzziness rests on fuzzy set theory, and fuzzy logic
IS just a small part ofi that theory.
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Fuzzy logic Is a set off mathematical principles
for knowledge representation ased o degirees
ofi membership.

Unlike two-valued Boolean logic, fuzzy legic Is
multi-valued. It deals with degrees of

membership and degrees of truth. Fuzzy logic
uses the continuum; of logical values between 0
(completely false) and 1 (completely true). Instead
of just black and white, It employs the spectrum of
colours, accepting that things can be partly true and
partly false at the same time.
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Range offlogical’values in Boolean and fuzzy legic

0 01 1 00 02 04 06 08 11
(a) Boolean Logic. (b) Multi-valued Logic.
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[EUZzy Sets

s [ he concept of a set Is fundamental to
mathematics.

s However, our owni language Is also the supreme
expression ofi sets. For example, car indicates the
set of cars. WWhen we say a car, We mean one out of
the set of cars.
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m [ he classical example In fuzzy sets Is tall men.
The elements of the fuzzy set “tall men* are all
men, but their degrees of membership dependion
their height.

Degree of Membershlp
Chris
Mark
John
Tom
David
Mike
Bob
Steven
Bill
Peter
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Crisp and fuzzy setsiof “tall men
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= [ he x-axis represents; the universe of diSCourse —
the range of all possible values applicable to a
chosen variable. In our case, the variable Is the man
height. According te this representation, the
universe of men’s heights consists ofi all tall men.

s [he y-axis represents the membership value of the
fuzzy set. In our case, the fuzzy set of “tall men”
maps height values into corresponding membership
values.
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A fiuzzy.set 1S a set With fiuzzy. boundaries.

m et X be the universe off discourse and Its elements
be denoted' as x. In the classical set theory, Crisp
set A of X Is defined as function f,(x) called the
characteristic function ofi A

1,if xOA
f,(x): X — {0, 1}, where RINCGIE %) ——

This set maps universe X to a set of two elements.
For any element x of universe X, characteristic
function f,(x) Is equal to 1 If x Is an element of set
A, and Is equal to O If x Is not an element of A.
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n In the fuzzy theory, fuzzy set A of UNIVErse X IS
defined by function: i, (%) called the memiership
function of set A

UA(X): X — [0, 1], where [,(x) =1 if x Is totally in A;
U\(X) =0 1If x Is hot In A;
0 < pu(x) < Lifx Is partly in A.

This set allows a continuum of possible choices.
For any element x ofi universe X, membership
function pL,(x) equals the degree to which X IS an
element of set A. This degree, a value between 0
and 1, represents the degree of membership, also
called membership value, of element x In set A.
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IHow 0 represent a fuzzy'set In a computer?

s First, we determing the membership: functions. In
our “tall men™ example, we can obtain fuzzy: sets of
tall, short and average men.

s [he universe of discourse — the men’s heights —
consists of three sets: short, average and tall men.
As you will'see, a man who Is 184 cm tall' Is a
member of the average men set with a degree of
membership of 0.1, and at the same time, he Is also
a member of the tall men set with a degree of 0.4.
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Crisp and ftzzy/ sets of short;, average and tallfmen
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Representation of crisprand fitizzy: SUSets

Fuzzy Subset A

/

I >
—— X

/ , " .
Crisp Subset A Fuzziness Fuzziness

Typical functions that can be used to represent a fuzzy
set are sigmoid, gaussian and pi. However, these

functions increase the time of computation. Therefore,
In practice, most applications use linear fit functions.
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CiiRguistic variables, anad Meages

s At the root of fuzzy set theory: lies the 1dea of
linguistic variables.

m A linguistic variable Is a fuzzy variable. For
example, the statement “John Is tall™ implies that
the linguistic variable John takes the linguistic

value tall.

[1 Negnevitsky, Pearson Education, 2002




In fuzzy expert systems, linguistic variables are used
In fuzzy rules. For example:

= wind Is strong
HEN sailing|1s good

= project_duration Is long
THEN completion_risk is high

I= speed Is slow
HEN stopping_distance Is short
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= [ he range of pessible values offa linguistic variable
represents the universe of discourse of that varianle.
For example, the universe of discourse of the
linguistic variable speed might have the range
petween 0 and 220 km/h andimay. include such
fuzzy subsets as very slow, slow, medium, fast, and

Very fast.
= A linguistic variable carries withi it the concept of
fuzzy set qualifiers, called hedges.

s Hedges are terms that modify the shape of fuzzy
sets. They include adveris suchras very,
somewhat, quite, more or less and slightly.
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Elizzy sets with the hedge very.

Degree of
Membership

1.0
Short Tall
0.8

0.6 Average

—\
-

) /
0.4
Very Short
N RS A
| |

0.0 \ \
150 160 170 180 200 210

Height, cm

[1 Negnevitsky, Pearson Education, 2002



Representation of hedges In fiuzzy: legic

Mathematical
Expression

Hedge Graphical Representation

A little [ua (]2

Slightly (A COTH

Very [ua(X)]?

Extremely [ua ()]
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Repréesentation offhiedges in fiuzzy legic (Continued)

Mathematical

Hedge Expression

Graphical Representation

Very very [a()]?

More or less VHA(X)

Somewhat JHA(X)

2 [ua()]?
ifO<pa<05

1-2[1-pa(x)]?
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Operations of fuzzy/!Sets

Tihe classical set theory developed 1 the late: 19th
century by Georg Cantor describes how! erisp sets can
Interact. These Interactions are called operations.
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Cantor’s sets

OREIN

Complement Containment

(e

Intersection
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s Complement

Crisp Sets: Whordees net belong te, the set?
Fuzzy Sets: How much do elements net belong e
the set?

The complement of a set IS an opposite of this set.
For example, Iff we have the set of tall men, Its
complement is the set off NOT tall men. When we

remoyve the tall men set from the universe of
discourse, we obtain the complement. If A Is the
fuzzy set, its complement = A ¢an be found as
follows:

U= A (%) = 1 = pa(%)

[1 Negnevitsky, Pearson Education, 2002




m Containment

Crisp Sets: Whichi sets belong to'which ether: sets?
Euzzy Sets: Which sets beleng to other sets?
Similar to a Chinese box, a Set can contain other
sets. The smaller set Is called the sulbset. For
example, the set of tall men contains all tall men;
very tall' men is a subset ofi tall men. However, the

tall men set Is just a subset ofi the set ofi men. In
crisp sets, all elements of a subset entirely belong to
a larger set. In fuzzy sets, however, each element
can belong less to the subset than to the larger set.
Elements of the fuzzy subset have smaller
memberships In it than in the larger set.
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s Intersection
Crisp Sets: Which element belongs to hetn Sets?

Fuzzy Sets: How much ofi the element Is Iniboth Sets?
In; classical set theory, an Intersection between two
sets contains the elements shared by these sets. For
example, the intersection ofi the set of tall men and
the set of fat men IS the arnea where these sets
overlap. In fuzzy sets, an element may partly
belong to both sets with different memberships. A
fuzzy Intersection Is the lower membership in both
sets of each element. The fuzzy intersection of two
fuzzy sets A and B on universe of discourse X:

Han g(X) = min [pa(X), Hg()1= HA(X) N pg(X),
where x[LIX
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x Unien
Crisp Sets: Which element belongs, to elther set?

Euzzy Sets: IHow muchi ofi the element Is Inieitner set?
The union ofi two crispi sets consists ofi every element
that falls into either set. For example, the union of
tall men and fat men contains all'men who are tall
OR fat. In fuzzy sets, the union Is the reverse of the

Intersection. That IS, the union Is the largest
membership value ofi the element In either set. The
fuzzy operation for forming the union of two fuzzy
sets A and B on universe X can be given as:

HaUg(X) = max [Ha(X), Hg(COI = Ha(X) T pg(x),
where x[LIX
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Operations of fiuzzy/Sets

Complement Containment

u(x) H(X)

Intersection
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Elzzy rules

In 1973, Lotfi Zadeh published hisisecond moest
Influential paper. This paper outlined a new
approach to analysis ofi complex systems, In which
Zadeh suggested capturing human knowledge in

fuzzy rules.
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Wihat Is a fuzzy rule?

A fuzzy rule can be defined as a conditional
statement 1n the form:

IF  XisA
THEN y is B

where x and y are linguistic variables; and A and B
are linguistic values determined by fuzzy sets on the
universe of discourses X and Y, respectively.
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What Isithe difference between classical and
fuzzy rules?

A classical IE-THEN'rule uses binary legic, for
example,
Rule: 1 Rule: 2

Iz speed Is > 100 I= speed is < 40
THEN' stopping_distance is long THEN stopping,_distance is short

The variable speed can have any numerical value
between 0 and 220 km/h, but the linguistic variable
stopping_distance can take either value long or short.
In other words, classical rules are expressed in the
black-and-white language of Boolean logic.
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\We can also represent the stopping distance rules inia
fuzzy form:
Rule: 1 Rule: 2

IE speed IS fast IE Speed IS slow
THEN' stopping_distance Is long  THEN' stopping__distance is short

In fuzzy rules, the linguistic variable speed also has

the range (the universe of discourse) between 0 and
220 km/h, but this range includes fuzzy sets, such as
slow, medium and fast. The universe of discourse of
the linguistic variable stopping_distance can be
between 0 and 300 m and may: Include such fuzzy
sets as short, medium and long.
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s Fuzzy rules relate fuzzy sets.

|0 a fuzzy system, all rules fire torsome extent,
or In other words they: fire partially. If the
antecedent Is true to some degree of
membership, then the consequent Is also true to

that same degree.
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Euzzy sets of tall and heavy: men

Degree of Degree of
Membership Membership

1.0 1.0
Tall men Heavy men/
0.8 0.8

0.6 - 0.6 -
0.4 0.4
0.2 0.2

0.0

100 120
Height, cm Weight, kg

These fuzzy sets provide the basis for a weight estimation
model. The model Is based on a relationship between a
man’s height and his weight:

I= height is tall
THEN weight 1s heavy
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The value of the output or a truth. membership grade of
the rule consequent can be estimated directly from a
corresponding truth' membership grade. in the
antecedent. This form of fuzzy inference uses a
method called monotonic selection.

Degree of
Membership

1.0

Degree of
Membership

1.0

>

0.8

0.8  Heavy men

0.6
0.4

>
0.6
0.4

0.2

0.0

!
160 190 200
Height, cm
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A fuzzy rule can have multiple antecedents, fior
example:

| project_duration Is/leng
AND project_staffing Is large
AND' project_funding Is Inadeguate

THEN risk Is high
I= service Is excellent

OR food Is delicious
THEN tip Is generous
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The conseguent ofi a fuzzy rule can also Include
multiple parts, for instance:

|= lemperature Is hot
THEN hot_water Is reduced;
cold_water Is increased
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